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Abstract
Stimulated by recent development of the calculation methods of the running
quark masses m
q
() and renewal of the input data, for the purpose of making
a standard table of m
q
() for convenience of particle physicists, the values
of m
q
() at various energy scales  ( = 1 GeV,  = m
c
,  = m
b
,  = m
t
and so on), especially at  = m
Z
, are systematically evaluated by using the
mass renormalization equations and by taking into consideration a matching










It is very important to know reliable values of quark masses m
q
not only for hadron
physicists who intend to evaluate observable quantities on the basis of an eective theory,
but also for quark-lepton physicists who intend to build a model for quark and lepton
unication. For such a purpose, for example, a review article [1] of 1982 by Gasser and
Leutwyler has oered useful information on the running quark masses m
q
() to us. However,
during the fteen years after the Gasser and Leutwyler's review article, there have been some




revised [2]; top-quark mass m
t
has been observed [3{5]; the three-loop diagrams have been
evaluated for the pole mass M
pole
q
[6] and for the running quark mass m
q
() [7]; a new
treatment of the matching condition at the quark threshold has been proposed [8]. On the
other hand, so far, there are few articles which review masses of all quarks systematically,
although there have been some re-estimates [9{18] for specic quark masses. For recent one
of such few works in systematical study of all quark masses, for example, see Ref. [19] by
Rodrigo. We will give further systematical studies on the basis of recent data and obtain a
renewed table of the running quark mass values.
The purpose of the present paper is to oer a useful table of the running quark masses
m
q
() to hadron physicists and quark-lepton physicists. In Sec. IV, by using the mass
renormalization equation (4.1), we will evaluate the value of m
q
() at various energy scales
, e.g.,  = 1 GeV,  = m
q
(q = c; b; t),  = M
pole
q
,  = m
Z
,  = 
W




is a \pole" mass of the quark q, and 
W
is the symmetry breaking energy scale of the



















2 = 174:1 GeV : (1.1)






() at  = 1










. In Sec. IV, running quark masses m
q
() are evaluated for various energy scales 
below  = 
W
= 174:1 GeV. In Sec. V, we comment on the reliability of the perturbative
calculations of the running quark massesm
q
() (  
W
). In Sec. VI, we summarize our nu-
merical results of the running quark mass valuesm
q
(), the charged lepton massesm
`
(), the
Cabibbo-Kobayashi-Maskawa (CKM) [20] matrix V
CKM






gauge coupling constants g
i
() (i = 1; 2; 3) at  = m
Z
. In Sec. VII, for reference, the evo-
lution of the Yukawa coupling constants is estimated at energy scales higher than  = 
W
for the cases of (A) the standard model with one Higgs boson and (B) the minimal SUSY
model. Finally, Sec. VIII is devoted to summary and discussions.
II. LIGHT QUARK MASSES AT  = 1 GeV







() at  = 1 GeV are
2
mu
(1 GeV) = 5:1 1:5 MeV ;
m
d
(1 GeV) = 8:9 2:6 MeV ; (2.1)
m
s
(1 GeV) = 175 55 MeV ;
from QCD sum rules.
On 1987, Dominguez and Rafael [9] have re-estimated those values from QCD nite
energy sum rules. They have obtained the same ratios of the light quark masses with those












= (15:5 2:0) MeV ; (2.2)






= (143) MeV. Therefore, Dominguez
and Rafael have concluded as
m
u
(1 GeV) = 5:6 1:1 MeV ;
m
d
(1 GeV) = 9:9 1:1 MeV ; (2.3)
m
s
(1 GeV) = 199 33 MeV :





into I = 0 and I = 1 hadron total cross-section data, Narison (1995) [10]
has obtained the following values:
m
u
(1 GeV) = 4 1 MeV ;
m
d
(1 GeV) = 10 1 MeV ; (2.4)
m
s
(1 GeV) = 197 29 MeV ;
which are roughly in agreement with (2.3).
On the other hand, by combining various pieces of the information on the quark mass














(1 GeV) = 5:1 0:9 MeV ;
m
d
(1 GeV) = 9:3 1:4 MeV ; (2.6)
m
s
(1 GeV) = 175 25 MeV ;
The values (2.6) are in agreement with (2.1), (2.3) and (2.4).














= 20:7 ; (2.7)
3
from the constraints of chiral symmetry treated to next-to-leading order. Eletsky and Ioe







= 3 1 MeV ; (2.8)
from the QCD sum rules on the isospin-violating eects for D and D

and for N ,  and ,







= (12 2:5) MeV ; (2.9)
obtained from QCD nite energy sum rules and Laplace sum rules by Bijnens, Prades and
Rafael (1995) [15] is consistent with (2.2).
On the contrary, for the strange quark mass m
s
, two dierent values, m
s
' 175 MeV,
[(2.1) and (2.6)], and m
s
' 200 MeV , [(2.3) and (2.4)], have been reported. Recently,
Chetyrkin et al. (1997) [16] have estimated
m
s




determination from the QCD sum rules. The value (2.10) is consistent with
(2.3). (Of course, if we take their errors into consideration, these values are consistent.)
Hereafter, as the light quark masses at  = 1 GeV , we will use the following values
which are weighted averages of the values (2.3), (2.4), (2.6) and (2.10).
m
u
(1 GeV) = 4:88 0:57 MeV ;
m
d
(1 GeV) = 9:81 0:65 MeV ; (2.11)
m
s
(1 GeV) = 195:4 12:5 MeV :
III. HEAVY QUARK MASSES
A. Charm and bottom quark masses















) = 4:25 0:10 GeV : (3.1)
Titard and Yndurain (1994) [17] have re-estimated charm and bottom quark masses by










































i = 0:042  0:020 GeV
4
, respectively, and the
third error denotes a systematic error.
On the other hand, from the QCD spectral sum rules to two-loops for  and , Narison


















 0:02 GeV ; (3.4)








= 4:62 0:02 GeV ; (3.5)











= 4:87 0:05 0:02 GeV : (3.6)
The values (3.6) are in agreement with the values (3.2) estimated by Titard and Yndurain




hadronic correlators are only known to two-loop accuracy.
Although we must keep the Narison's statement in mind, since we use the three-loop
formula (4.5) for the running quark masses m
q
() for all quarks q = u; d;    ; t; hereafter,








= 4:89 0:05 GeV ; (3.7)
as the pole mass values.
B. Top quark mass
The explicit value of the top quark mass was rst reported by the CDF collaboration
(1994) [3] from the data of pp collisions at
p







They (1995) [4] have also reported an updated value
m
t
= 176 8 10 GeV : (3.9)






 22 GeV : (3.10)
The particle data group (PDG96) [21] has quoted the value
m
t
= 180 12 GeV ; (3.11)
5
as the top quark mass from direct observations of top quark events.
Hereafter, we use the value (3.11) as the pole mass of the top quark.
C. Mass values m
q
() at  =M
pole
q
The relation between the pole mass M
pole
q






















































= 12:9 and K
t
= 11:0. The denition of K
q
and their estimates are
given in Appendix A. The values of 
s
() at various values of  and errors are given in Table
























) = 170:1 11:4 0:3 GeV ;







IV. BEHAVIORS OF m
q
() AT THE QUARK THRESHOLDS
The scale dependence of a running quark mass m
q










































































































































































































() is given by (B4) in Appendix B and 
i




obtained in Appendix B, we can evaluate R
(n)












Quite recently, the four-loop quark mass anomalous dimension has been obtained by
Vermaseren, Larin and Ritbergen [22]. In this paper, we evaluate the running quark masses
by using the three-loop results (4.1)-(4.5). The eects of the four-loop results to the three-
loop results will be discussed in the next section.



























) ( < 
n+1
) : (4.6)



































) should not been taken rigidly, because the perturbative
calculation is not reliable for such a region in which 
s
() takes a large value (see the next
section).
Exactly speaking, the estimates of 
(n)
MS
in Table VII in Appendix B are dependent on






). The values in Table VII and Table I








Running quark mass values m
qn
() at   
n+1
cannot be evaluated by the formula (4.4)
straightforwardly, because of the quark threshold eects. As seen in Fig. 1, the behavior of







The behavior of the nth quark mass m
(N)
qn
(n < N) at 
N
  < 
N+1























































For example, the behavior of m
c





(), can be evaluated by using (4.6),
while those at 
5








































Fig. 2, we illustrate the -dependency of the light quark masses m
q
() (q = u; d; s), where
7
we have taken the matching condition (4.8) into account. We can see that the discontinuity
which was seen in Fig. 1 disappears in Fig. 2.
We also illustrate the behavior of the heavy quark masses m
q
() (q = c; b; t) in Fig.
3. Exactly speaking, the word \the running mass value m
Q
()" of a heavy quark Q at a




) loses the meaning. For example, the eective quark
avor number n
q
is three at  = 1 GeV, so that the value of m
t
() at  = 1 GeV has







  < 
n+1























is good reference mass for the accurate evolution of the MS quark masses






V. RELIABILITY OF THE PERTURBATIVE CALCULATION BELOW   1 GeV




) (q = u; d; s) should
not be taken rigidly, because the perturbative calculation below   1 GeV seems to be not
reliable.
In order to see the reliability of the calculation of 
s
(), in Fig. 4, we illustrate the values
of the second and third terms in f g of (B4) in Appendix B separately. The values of the
second and third terms exceed one at  ' 0:42 GeV and  ' 0:47 GeV, respectively. Also,
in Fig. 5, we illustrate the values of the second and third terms in f g of (4.5) separately.
The values of the second and third terms exceed one at  ' 0:58 GeV and  ' 0:53 GeV,
respectively. These means that the perturbative calculation is not reliable below  ' 0:6
GeV. Therefore, the values with asterisk in Tables I, II and VI should not be taken strictly.
These situations are not improved even if we take the four-loop correction into consider-





































+   
#
: (5.1)




= ' 0:16 at  ' 1 GeV, the numerical values of the right-hand














[1 + 0:28 + 0:11 + 0:085 +   ] ; (5.2)
so that the fourth term is not negligible compared with the third term. This suggests that




will also not be negligible below   1 GeV.
However, we consider that the evolution of m
q
() above   1 GeV (from  ' 1 GeV to
  m
Z
) is reliable in spite of the large error of 
s
() at   1 GeV.
8






() AT  = m
Z
For quark mass matrix phenomenology, values of m
q
() at  = m
Z
are useful, because
the observed CKM matrix parameters jV
ij
j are given at  = m
Z
. We summarize quark and







































where the running charged lepton masses m
`
() have been evaluated from the relation for
































) = 2:85 0:22 0:20 0:36 GeV ; (6.3)
which has recently been extracted from CERN LEP data.



























































































j = 0:2205 0:0018 ;
jV
cb





j = 0:08 0:02 ;
where the value of jV
cb
j has been obtained by combining the OPAL97 value [26] jV
cb
j =
0:0360  0:0021  0:0024  0:0012 and the ALEPH97 value [27] jV
cb
j = 0:0344  0:0016 
0:0023  0:0014 with the PDG96 value jV
cb










































where  = jV
us
j,  = jV
cb
j and  = jV
ub
j. Hereafter, we will use the observed values (6.5)
as the values of jV
ij
()j at  = m
Z
. Then, from the expression (6.4) (not the approximate











































(except for the parameter ) at  = m
Z

















































Especially, at a special quark-family basis on which the up-quark mass matrix takes a diag-
onal form D
u













































































































































































) = 9:00 GeV
2
.










], by a suit-
















































































































































































































































) = 3:00 GeV. For the case of m
s





































































for (6.15) and (6.16), respectively]. Explicit mass matrix
forms on other special quark-family basis are, for example, given in Refs. [29,30].







, (6.10) and (6.11), we can also obtain the mass matrix form M
q
(q = u; d) (in other
words, the Yukawa coupling constants) at arbitrary energy scale  which is larger than
the electroweak scale 
W
. In the next section, we discuss the evolution of the Yukawa


























) = 0:118 0:003 :
which are derived from [31]
(m
Z



















































VII. EVOLUTION OF YUKAWA COUPLING CONSTANTS
So far, we have evaluated values of the running quark masses m
q
() at energy scales
which are below the electroweak symmetry breaking energy scale 
W
by using the formula
(4.1). However, for the quark masses at an extremely high energy scale far from 
W
, we
must use \evolution" equations of Yukawa coupling constants y
a
ij
(a = u; d : i; j = 1; 2; 3).
The numerical results of the Yukawa coupling constants have already been given in many
literatures. Since our interest in the present paper is in the updated values of the quark
masses m
q
() (i.e., the Yukawa coupling constants y
q
), we give only a short review of the
evolution of the Yukawa coupling constants, and do not give a systematical study of the
numerical results.






























are the vacuum expectation values of the neutral components of the Higgs bosons

a
which couple with fermions  
a






for the minimal SUSY model








for the standard model with
















































































































































where, for convenience, we have changed the denition of the Hermitian matrixH
a
from (6.8)




























in the two-loop contributions 
(2)
a
are given in Appendix C,
because they have too long expressions. The evolution of the gauge coupling constants g
i
()
is given in Appendix D.
By using the information of V
ij
() at  = m
Z
in the previous section, we can obtain not






















(q = u; d) are the diagonalized matrices of Y
q















































is useful rather than (7.3) which is the expression for Y
a
. Hereafter, for simplicity, we
calculate the evolution not from  = 
W
, but from  = m
Z
because most of the input
values at  = m
Z
have already given in Sec. VI. Since the numerical results are insensitive




< 2=3) in the CKM matrix V , (6.4),
13
we will use the value   
13
= =2 below. For Model A (Standard model with one Higgs
boson), we must assume the value of the Higgs boson mass m
H







= 246:2 GeV (see later discussion). For Model B (Minimal SUSY model),




. We will take a typical value tan  = 10. The
numerical results of y
q
are given below. Here, the values y
a
ii
are obtained by diagonalizing
the matrix H
a







(A) Standard model with one Higgs boson
As seen in Appendix A, in the calculation of the two-loop contributions, the evolution of
the Yukawa coupling constants y
q
depends on the coupling constant 
H
of the Higgs boson















) which is less than 2:2  10
2
GeV leads to a
negative 
H
at a unication scale  = M
X
, while that which is larger than 2:6  10
2
GeV
leads to the burst of 
H
at the unication scale. Therefore, if we put an ansatz that Nature
accepts only the parameter regions in which the perturbative calculations are valid, we can
conclude that the Higgs boson mass m
H
in the standard model must be in




) < 260 GeV : (7.11)






2 at the typical energy scales
 = m
Z
,  = 10
9
GeV and  = M
X
. For the comparison with the SUSY model (Model
B) later, the values m
q
() at  = M
X
are listed, where M
X
is a unication scale of SUSY,
M
X
= 2  10
16





































correspondingly to (6.7) at  = m
Z
, where we have taken  = 90

tentatively. We also




) at  = M
X






















































































































) = 1:071 GeV.
(B) Minimal SUSY model
The scale of the SUSY symmetry breaking m
SUSY











in the present numerical study,
because the numerical results of y
q
() are not sensitive to the value of m
SUSY
.











A large value of tan , tan ' 60, leads to the burst of m
b
() at the unication scale
 = M
X
' 2  10
16
GeV. On the other hand, a small value of tan , tan ' 1:5, leads to
the burst of m
t
() at the unication scale. The values of m
q
() are insensitive to the value
of tan  in the region from tan ' 5 to tan ' 30 [35]. In Table V, we list the numerical
results of m
q
() at the typical energy scales,  = m
Z
,  = 10
9
GeV and  =M
X
. Here, we
have tentatively taken a value tan = 10 as the input value of tan.



































). Therefore, the value

X
should also not be taken strictly.
As seen in Fig. 6, it is very interesting that the observed top quark mass value is given






). However, since the purpose of
the present paper is not to investigate the evolution of the Yukawa coupling constants in




() at  = M
X
], we do not go
further more. Some of such studies will be found in Refs. [35,36].



























correspondingly to (6.7) at  = m
Z
, where we have taken  = 90

tentatively. We also




) at  = M
X






















































































































) = 0:997 GeV.
VIII. SUMMARY
In conclusion, we have evaluate the running quark mass values m
q
() (q = u; d; s; c; b; t)
at various energy scales  ( = 1 GeV,  = m
q
,  = m
Z





given in Table II in Sec. IV will be convenient for hadron physicists who want to calculate
hadronic matrix elements on the bases of quark-parton model, heavy-quark eective theory,








() at  = m
Z
given in Sec. VI
will be convenient for quark and lepton mass-matrix model-builders. In quark mass matrix
phenomenology, the values of m
q
() at  = 1 GeV have conventionally been used. However,




) rather than m
q
(1 GeV), because we can use
the observed values of jV
ij




)j straightforwardly, and, exactly speaking,
the value of m
t
(1 GeV) does not have the meaning.
Although, in Sec. VII, we have given the values of m
q
() at  =M
X
, i.e., the evolution
of the Yukawa coupling constants y
q
(), the study was not systematical in contrast to the
study for   
W
. The values of y
q
() in the standard model with one Higgs depend on the




). The values of y
q
() in the minimal SUSY model
depend on the values of the parameters m
SUSY





given in Table IV and Table V in Sec. VII should be taken only for reference.
We hope that the most of the present results, Table II in Sec. IV and (6.1), (6.7), (6.13)
and (6.14) in Sec. VI, are usefully made by particle physicists.
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), is a gauge-invariant, infrared-nite, renormalization-
scheme-independent quantity. Generally, mass function M(p
2

























































































is given by 
H
= 0 in the Landau gauge and by 
H







































, we obtain a = 4=3   2 ln 2 and b =












































































































































































). The numerical results are summarized in Table VI.








) for the light quarks q = u; d; s have been
obtained by solving the relations (A8) with the help of (A7) with the inputs (2.11). These
values for the light quarks should not be taken rigidly, because the perturbative calculation
is unreliable for the region at which 
s
() takes a large value. Fortunately, the values of K
q
are not sensitive to the values of M
pole
q
for the light quarks q = u; d; s. Therefore, the values
of K
q
in Table VI are valid not only for the heavy quarks q = c; b; t but also for the light
quarks q = u; d; s.
APPENDIX B: ESTIMATE OF 
(n)
MS









































































is the eective number of quark avors [39]. The solution 
s






























































The value of 
s
() is not continuous at nth quark threshold 
n
(at which the nth quark avor






in (B2) depend on the eective
quark avor number n
q
. Therefore, we use the expression 
(n)
s
() (B3) with a dierent 
(n)
MS
for each energy scale range 
n
  < 
n+1









































































































































































































































) = 170:8 GeV, we evaluate the values of 
(n)
MS
for n = 3; 4 and 6. The results are summarized in Table VII.
We show the threshold behaviors of 
(n)
s













  < 
n+1
continuously.










in the two-loop contributions 
(2)
a
are given as follows.
Here, T
a
(a = u; d; e) are given in Table III in Sec. VII and n
g
is the number of generations.



















































































































































































































































































































































































































































































and the evolutions of g
i
(i = 1; 2; 3) and 
H
are given in Sec. D.





















































































































































































































































































































































APPENDIX D: EVOLUTION OF THE GAUGE COUPLING CONSTANTS















































are given in Table VIII.
The evolution of the coupling constants 
H
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FIG. 1. Threshold behavior of R
(n)
() versus .












FIG. 2. Light quark masses m
q
() (q = u; d; s) versus .
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FIG. 3. Heavy quark masses m
q
() (q = c; b; t) versus .







FIG. 4. Reliability of the perturbative calculation of 
(n)
s
(). The curves show the behaviors
of the second and third terms in f g in (B4).
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FIG. 5. Reliability of the perturbative calculation of m
q
(). The curves show the behaviors of























() of in the minimal






































TABLE I. Running quark mass valuesm
q



















, respectively. The values with asterisk should not be taken rigidly, because these









































t 170:1 11:4 0:3 GeV 170:8 11:5 0:2 GeV
TABLE II. Running quark masses m
q




(in unit of GeV). The values
with asterisk should not be taken strictly, because the perturbative calculation is not reliable in
the region with a large 
s
().



















































































































































































TABLE III. Coecients 
(1)
a



























































































































































TABLE IV. Evolution of the Yukawa coupling constants y
a
in the standard model with one
Higgs boson (Model A). For convenience, instead of y
a











= 246:2 GeV. The errors m at  = 10
9
GeV and  = m
X
denote only




































































() 3:00 0:11 GeV 1:51
+0:05
 0:06
GeV 1:07 0:04 GeV
m
e








() 1746:7 0:3 MeV 1849:2 0:3 MeV 1770:6 0:3 MeV
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TABLE V. Evolution of the Yukawa coupling constants y
a
in the minimal SUSY model (Model
B). For convenience, instead of y
a


















m at  = 10
9
GeV and  =M
X




































































() 3:00 0:11 GeV 1:60 0:06 GeV 1:00 0:04 GeV
m
e








() 1746:7 0:3 MeV 1469:5
+0:3
 0:2
MeV 1171:4 0:2 MeV
TABLE VI. Pole masses M
pole
q
and the related quantities. The values with asterisk should not


















u 16:11 0 16:11 0:501MeV 0:0307MeV
d 15:07 0:838 16:19 0:517 MeV 0:0445 MeV
s 14:03 1:364 15:85 0:687 MeV 0:283 MeV
c 12:99 1:114 14:47 1:59 GeV 1:213 GeV
b 11:94 0:746 12:94 4:89 GeV 4:248 GeV
t 10:90 0:0555 10:98 180 GeV 170:1 GeV
TABLE VII. The values of 
(n)
MS





















































TABLE VIII. Coecients in the evolution equations of gauge coupling constants.
Model(A) Model(B)
b
1
=  

1
10
+
4
3
n
g

b
1
=  

3
5
+ 2n
g

b
2
=
43
6
 
4
3
n
g
b
2
= 5  2n
g
b
3
= 11 
4
3
n
g
b
3
= 9  2n
g
(b
ik
) =
0
B
@
 
9
50
 
9
10
0
 
3
10
259
6
0
0 0 102
1
C
A
(b
ik
) =
0
B
@
 
9
25
 
9
5
0
 
3
5
17 0
0 0 54
1
C
A
 n
g
0
B
@
19
15
3
5
44
15
1
5
49
3
4
11
30
3
2
76
3
1
C
A
 n
g
0
B
@
38
15
6
5
88
15
2
5
14 8
11
15
3
68
3
1
C
A
(c
ia
) =
0
B
@
17
10
1
2
3
2
3
2
3
2
1
2
2 2 0
1
C
A
(c
ia
) =
0
B
@
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14
5
18
5
6 6 2
4 4 0
1
C
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